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Introduction

In the project we are searching after an exact definition of a Mdbius Strip and its unique properties. In a
simple case we can create the Mobius Strip, if we take a strip of paper, turn it 180 degrees, and glue the
ends together. But how do we define the shape mathematically? Which properties we need before we can
classify a given shape as a Mobius Strip? Has the strip a specific value of Gaussian curvature?

We try also to prove mathematically that the Mdbius Strip can fold out like a two-dimensional plane in a
space. We know that the shape is determined by the bending energy is minimal, and although no one
knows the exact shape, one can find an approximation by using the differential geometry and optimization.
We want to investigate about the bending energy of the strip is really minimal and so illustrated the
bending energy in the strip like the figure below. From the figure 1 we can assume that the bending energy
becomes larger, if the width of the strip is larger.
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Figure 1 The bending energy in the Mobius strip with three different widths.

From there we are interesting to know, how wide the strip may be without to intersect. Have the length of
the mean curve and the number of rotation round its mean curve an impact on how wide the strip may be?

For these tasks we use Maple and MATLAB to illustrate and solve the problems.

Have a good reading!



Theory

In the following we consider the Euclidean 3-space.

The Mobius Strip as a Ruled Surface

A plane piece of paper can be wrapped on a cylinder in the obvious way without crumpling the paper. If we
draw a curve on the plane, then after wrapping it becomes a curve on the cylinder. Because there is no
crumpling, the lengths of these two curves will be the same.

It means that we will observed that a plane and a generalized cylinder, when suitably parameterized, have
the same first fundamental form, since the lengths are computed as the integral of the first fundamental
form. The first fundamental forms of the two surfaces are the same.

Let y(t) = a(u(t), v(t)) be a curve in the surface patch g, its arc-length starting at a point y(t,) is given
by

t
s=| llr@lldr

to
By the chain rule, ¥y = o, 1t + 0,7, we get
1711 = (¥, ¥)
=(o,u+o,v,0,u+ 0,v)
= (o,u, o) + (o1, 0,0) + (o,v,0,u) + (0,V,0,V)
= (0, O )2 + (0, 0,00 + (0, 0,)00 + (0, 0,)1?

=(0,,0,)U% + 2(6,, 6,)UV + (0, 0,)1>
= Eu® + 2Fuv + Gv?

Where
E= (au' au) = ||0'u||2, F= (au' 0'1;>, G = (av:av> = ”0'1,”2

Therefore the length of the curve is

t
s= f VEU? + 2Fuv + Gvtdr
t

0

If we substitute the dt inside the square root with

du 2 - (dr)? = du?
()

dt
du dv
il (dt)? = dudv
dv\?
(E) - (dr)? = dv?

So we write



_ft 5 du? +2qudv+G dv? 4
*T) @ @ @

t
= | VEdu? + 2Fdudv + Gdv?
to

We see that s is the integral of the square root of the expression, called the first fundamental form of o,
Edu? + 2Fdudv + Gdv?.
The first fundamental form will change when the surface patch is changed.

Example 1

A generalized plane in R3 can define by
oclu,v) =a+up+vq

With p and q being perpendicular unit vectors, we have 6,, = p and 6, = g, so
E=lal?*=lpl*=1  F=(0,0,)=(.q) =0, G=llo,ll*=llqll*=1.

Hence the first fundamental form of a plane is simply
Edu? + 2Fdudv + Gdv? = du? + dv?

Example 2

A generalized cylinder in R3 can define by
o(u,v) =y(u) +vp

With y being an unit-speed and p is a unit vector. We can assume that y is contained in a plane
perpendicular to p. Then we have ,, = ¥,, and 6, = p, so

E=lloyl?=lyull?=1 = F={0y,0,)=yup)=0, G=llo,l?>=Ipl*>=1

Hence the first fundamental form of a cylinder is simply
Edu? + 2Fdudv + Gdv? = du? + dv?

Note that we have proven that first fundamental forms of the two surfaces, a generalized plane and a
generalized cylinder, are the same. We have the definition

Definition 1

If 01 and o, are surfaces, a diffeomorphism f: @, — o, is called an isometry if every curve in o4
transforming to curves in g, have the same length, i.e. the same first fundamental form. We say that o,
and o, are isometric, if the mapping f is isometry.




Now we use the definition and the generalized ruled surface to find when a Mdbius strip is isometric to a
generalized plane.

From [1] (page 1) we know that a generalized ruled surface in R3 is defined by
o(u,v) = alu) + vw(u)

With the base curve a: I - R3 and the director curve w: 1 - R3\{0} and the scalar v that generates the
rulings. The Mobius strip belongs to the characterization, since the strip is made by a flat paper and the
paper can be generated by the ruled surface.

Note if w' (u) = 0 for all u € I we can reduce the expression such that w is a constant speed vector, i.e.:
o(u,v) = alu) +vw

The expression is like to the characterization of a cylinder in R3. Therefore the phenomenal is called a
cylindrical ruled surface.

Let us assume a ruled surface. By simplifying the case we assume that a(u) and w(u) are respectively an
unit speed vector and an unit vector, i.e. ||a’ (w)|| = 1 and ||[w(u)|| = 1, because this assumptions do not
give a loss of generality. Notice that by the chain rule the assumption ||[w(u)|| = 1 implies that

(w' (uw),w(u)) =0forallu € 1.

d d
- (Iw@) = — (w@), w)))

dw(u) dw(u)
= <W’ w(w)) + (w(w), du )
dw(u)

=2(————,w))=0
(= ww)
We find the first fundamental form of the generalized surface:

E = {0y, 0y)
=(a'+v-w,a +v-w')
=(a',a'+v-w)+v-(w,a' +v-w)
={a,a')+2v-{a’, W)+ v?- (W ,w)
= |la'||? + 2v - (&', W) + v - |[W']|?

F ={0oy 0,)
=(a' +v-w,w)
=(a’,w) +v- (W', w)

G= (av:av)
= (w,w)
= [lwll?

The ruled surface with the unit vector w and the unit speed vector « gives
E=1+2v-{a', W)+ v ||w|? F={(a',w), G=1.

The first fundamental form of a generalized plane in R3 is



Edu? + 2Fdudv + Gdv? = du? + dv?

Notice! It is important to choose the parameterization carefully; the vectors that span the plan in R3have
to be unit orthonormal vectors. If the vectors are not unit or orthonormal — like the two last cases in the
illustration below —then we do not get the first fundamental form E =1, F =0, G = 1. See the two
examples to understand why.

Figure 2 Span the space R3 with unit orthonormal basis (left),
non-unit orthonormal basis (center) and unit non-orthonormal basis (right).

Example 3

Let a plane in R3 be define by
o(u,v) =a+up+vq

With p and q being perpendicular non-unit vectors, we have ¢,, = p and g,, = q, so
E=llo,?>=1pl>#1, F={oy0,)=(pq)=0, G=llo,lI>=lqll* =+ 1.

Hence the first fundamental form of a plane is
Edu? + 2Fdudv + Gdv? # du? + dv?

Example 4

Let a plane in R3 be define by
o(u,v) =a+up+vq

With p and q being non-perpendicular unit vectors, we have 6,, = p and g,, = q, so
E=lal?*=lpl?’=1  F=(0,0,)=@q #0, G=llo,ll*=llqll*=1.

Hence the first fundamental form of a plane is
Edu? + 2Fdudv + Gdv? # du? + dv?

Therefore unless otherwise stated we shall assume that every Mdbius strip in the space is suitably
parameterized. There exists an example where a M&bius strip is not correctly parameterized. We can
illustrate the case.




Figure 3 The upper case is the correctly parameterized Mdbius strip, while the lower
case is the incorrectly parameterized Mobius strip. The red line is the base curve.

A Mobius strip which is correctly parameterized and is isometric to the generalized plan is called a flat
Mobius strip. But if the strip doesn’t satisfy the condition although it is correctly parameterized, the strip is

not a flat Mo6bius strip. So the flat M6bius strip belonging to the generalized ruled surface, is according to
definition 1 isometric to the plane if and only if it satisfies

E=1+2v-(a,w)+v2-|W|?=1, F={(a',w)=0, G=1.

For all u and v.

The geometrical interpretation of F is the Mébius strip is flat if &’ and w’ both are perpendicular tow,

because we have (a’,w) = 0in F and (W',w) = 0 as a consequence of w is unit vector, &’ is in the same
plane as w'. See the illustration below.

v

Figure 4 A simple system of vectors in the ruled surface for any Mobius strips.

The equation of E leads us to

0=2v-{a,w)+v% ||w|?
= 2(a’,w)+v-(w,w)=0

Hence



Qd,w')y=(-v-w',w')

Therefore if we want to use the ruled surface to describe the flat Mébius strip we need to satisfy the
following conditions

2a',w')y={(—v-w,w')and (a’,w) =0
With [|&’ (w)]| = 1 and [lw(w)|| = 1.

Example 5

Let a simply band in R3 be defined by

cos (g) - cos(u)

cos(u) U
o(u,v) = <sin(u)> +v- kcos (E) C sin(u))

0 u
Sin (E)
With u € [0,2r] and v € [—L, L] for L € R. The figure of the band is illustrated in the figure 2.

We obtain
(O @@ feas(2) o
o, = < cos(u) ) +v- —%sin G) - sin(u) + cos G) -cos(u) |anda, = | cos (%) -sin(uw) |,
0 1 u . (u
205 ) sin (3)

SO

Uu 1 u
_ 2 _ . & 2. (2 o _ _ _ 2 _
E=|o,I*=1+2v cos(2)+v (4+cos (2)) F =(0,,0,) =0, G =|lo,lI* = 1.

The first fundamental form of a generalized plane is

Edu? 4 2Fdudv + Gdv? = du? + dv?

Since 2v - cos (%) +v?- G + cos? G)) does not give zero for allu € [0,2] and v € [—L,L] for L € R,

the first fundamental form of the band is not the same as the generalized plane. Therefore the band is not
a flat Mobius strip.
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Figure 5 The “non-flat” Moébius band from Example 5,
where the blue line in the band is the base curve.

This example shows that it is not always easy to judge a strip based on the view of the geometrical figure,
about a Mobius strip is flat or not. Every view can mislead. We can just claim that any not-orientable ruled
surface, which has a closed base curve, is a Mobius strip, but we cannot be sure that the strip is flat.

It can be a little hard to find the correct examples based on the information (2a’,w') = (—v - w’,w’) and

(a’,w) = 0, then we still need to improve the hypothesis. To be able to improve the hypothesis, we need a
new definition.

Definition 2

Let o(u, v) be a surface patch with first and second fundamental forms
Edu? + 2Fdudv + Gdv? and Ldu? + 2Mdudv + Ndv?

Respectively, where L = (N, 0,,), N = (N4, 0,,,) and M = (N, 6,,,,) wWith

o, X0,

N =—%" Y
7 oy x oyl

Then the Gaussian curvature is
_ LN — M?
" EG—F?

(a) Parabolic (K = 0) (b) Hyperbolie (K < 0) (c) Elliptic (K > 0)

Figure 6 The geometrical interpret of the Gaussian curvature.




From [1] (page 8) the Gaussian curvature of a ruled surface satisfies K < 0 everywhere.The figures above
show that any ruled surface without cluster points can only be either a cylinder or a hyperboloid. Here we
can see the usefulness of the Gaussian curvature.

The Mobius strip has the same first fundamental form as the generalized plane and is a cylindrical ruled
surface. By this way we conclude that the Gaussian curvature of the strip has to satisfy K = 0, which means
that we have to find a ruled surface that according to definition 2 satisfies LN — M? = 0.

Let the ruled surface be defined by o(u, v) = a(u) + v-w(u), so

a +v-w,

g, =W,
o Xo,=@@ +v-w)xw
a xw+v-w xw,
o =a +v-w'
Oy =W,
G,, =0

Q
<
Il

The standard unit normal of the surface is

o, X0, axw+v-w xw
oy X oyl lla xw+v-w xwl|
The second fundamental form is:
L= (Na' auu>

(@' xw+v-wxwa' +v-w')
B ' xw+v-w xXw|

N = (Nmavv>
=0
M = (Na'atv)

(@' xw+v-w xw,w)
- " xw+v-w xw|
(@' xw,w)+v- (W xw,w')
- " xw+v-w xw|
(' xw,w')
=||o(’><w+v-w’><w||

Hence

=0

! ! 2
IN — M? = — (a' xw,w')
ld' xXw+v-w xXw|
Which leads to the expression

(a/ xw,w')=10

Note with the new expression we can improve the geometrical interpretation of the ruled surface.



As we know we have (a’,w) = 0 and (W', w) = 0 for the flat Mdbius strip. Therefore we illustrate the

figure below.

~

Figure 7 An improved system of vectors in the ruled surface for any flat Mobius strips.

The second way to find the Gaussian curvature equal to zero is using the distribution parameter A and the

line of striction S.

Definition 3

Definition 4

By using definition 3 and 4 we conclude that the distribution parameter of a cylindrical ruled surface is



(' xw,w')
A=—F—r—
llw']l

In any ruled surface the Gaussain curvature can according to [1] (page 8) write as

-2

K=-———=
(% + v7)?

This show that the Gaussian curvature of a ruled surface satisfies K < 0. Since K = 0ifand onlyif A = 0,
i.e. K is zero only along those rulings which meet the line of striction. In the cylindrical ruled surface K is
zero only along those rulings which meet the base curve. The distribution parameter is zero if and only if

(' xw,w')=0

From [1] we have the theorem: Let (s, v) = a(s) + v - w(s) be a ruled surface with ||[w(s)|| = 1. Let
B(s) = a(s) + u(s) -w(s) be a curve on a(s, v), where s is the arc-length of B(s). Consider the following
three conditions on B(s):

e B(s)isa line of striction of a (s, v).
e B(s)isageodesic of (s, v).
e The angles between B'(s) and w(s) are constant.

If we assume that any two of above three conditions hold, then the other condition holds.

Since we have found that the base curve a is a line of striction in the cylindrical ruled surface, and the
angles between a' and w are constant, we conclude that the base curve is a geodesic.

By using the proposition 8.2 in [2], where it is said that a curve on a surface is a geodesic, if and only if its
geodesic curvature is zero everywhere, we conclude that the base curve in the cylindrical ruled surface has
zero geodesic curvature everywhere.

Definition 5

Let N, be the standard unit normal of the surface patch a(u, v) given by

o, X0,

7 oy x gyl

The normal curvature and the geodesic curvature of a unit-speed curve y(s) = a(u(s), v(s)) in the
surface patch, is defined by
Kn = (¥, Ng) and Kg = (¥,Ng X ¥)

Respectively. Since N, and N, X ¥ are perpendicular unit vectors we get
I¥1I? = w3 + 1§

Hence, the curvature & = || x ¥[I/ll¥1I*> = lI7Il of ¥ is given by k* = K7 + K7




Since geodesic curvature is zero everywhere in the base curve, we observe k? = k2 = (a’’,N,)?, and

0=k, =(a",N,Xa')
oy %

Since the standard unit normal N, of the surface patch is defined by N, = HU—X‘:’”, we have

(a", (o, x0a,)xXa')y=0



The Frenet-Serret Equation of the Mobius Strip

Our main interest in this title will be to research, how we can express a curve y(s) with non-vanishing
curvature in the ruled surface a(u, v) for Mobius strips with the Frenet-Serret parameter (¢, n, b), such
that there exists one unique flat ruled surface, i.e.

¥(s) = f(s) - t(s) + g(s) - n(s) + h(s) - b(s)

The main idea here is to use the curve y as rulings w in the ruled surface @. To able to treat the hypothesis
we use the following definition.

Definition 6

A given curve with non-vanishing curvature there exists one unique flat ruled surface on which this curve is
a geodesic.

o Y Xy . Ny

YXy#+0s b= txn=",—y"¢ 0 © y and y are both nonzero
The rectifying developable has the same normal vector as the principle normal vector of the center curve
along the center curve. In the case of the cylindrical ruled surface the center curve is the base curve.



Let the ruled surface be defined by o(u, v) = a(u) + v - w(u) with ||a’(w)|| = 1 and ||[w(w)|| = 1, so

o,=a +v-w,
o, =W.

Put Fernet-Serret in the expression of w we get:
w=f-t+g-n+h-b
where t(u) = a'(u) and arbitrary functions f = f(u), g = g(u) and h = h(u). The expression gives
W =f't+ft+gn+gn+hb+hb
=f't+ fkn+g'n+ g(—kt +1b) + h'b — htn

=f't+ fkn+ g'n— gkt + gth+ h'b — htn
=(f'—gi)t+ (fx + g’ — ht)n+ (gt + h")b

Our ruled surface has the Gaussian curvature K = 0 everywhere, therefore
(d xw,w')=0
(tx (ft+gn+hb),(f'—g)t+ (fk+g' —ho)n+ (gt + h')b) =0

(g-@&xn)+h-(xb),(f'—g)t+ (fx+g —ht)n+ (gt+h")b)=0
(gb—hn,(f' —gr)t+ (fk+g' —ht)n+ (gt +h')b) =0

We know that (b, t) = (t,b) = 0,(b,n) = (n,b) = 0,{(n,t) = (t,n) = 0, then
g-(gt+h)bb)y—h-(fk+g —ht)(nn)=0
t and n are unit vector for all u, so we have a different equation in the system
g-(gr+h)—h-(fkx+g —ht)=0

Equation 1

g-(@rt+h)=h-(fxk+g' — ht)

The geodesic curvature is zero everywhere, so the next condition is
(a",(oy xa,) xa')y=(t (o, xXa,)Xt)=0
The first equation in the Fernet-Serret equations is t = kn, therefore
(n, (o, X0o,)Xt)=0
Where

o, =t+v-((f —g)t+ (fk+ g —ht)n+ (gt + h')b),
o,=ft+g-n+h-b.

Hence




auxavz(t+v-((f’—gK)t+(fK+g’—hT)n+(gT+h’)b))><(f-t+g-n+h-b)

=tx(f-t+g-n+h-b)+v-((f' —g)t+ (fx+g —ht)n+ (gt + h')b)
X(ft+g-n+h-b)

=gtxn+htxb+v(f —grk)(gtxn+htxb)+v(fk+g —ht)(fnxt+ hnxb)
+v(gt+h)(fbxt+ gbxn)

=gb—hn+v(f' —grk)(gb — hn) + v(fx + g' — ht)(—fb + ht) + v(gt + h")(fn — gt)

= (1 + v(f’ —gic))(gb —hn) +v(fk+ g' — ht)(—fb + ht) + v(gt + h")(fn — gt)

It leads us to

(n, ((1+v(f' = g10)(gh — hn) + v(fic + g' — hr)(=fb + ht) + v(gT + ') (fn — gt)) x t) = 0
m,(1+v(f' —gr))(gbxt—hnxt)+v(fk+g —ht)(—fbxt)+v(gr+h)(fnxt)) =0
(n,(1+v(f' —gK))(gn+hb) —v(fk + g' — ht)fn—v(gr + ") fb) = 0

((1 +v(f' —gK))g—v(fr+g' — hr)f) (n,n) =0

(1 +v(f' - gK))g —v(fk+g —ht)f =0

Equation 2

(1+v(f' —g10)g =v(f+g' — hD)f

The two equations are

Equation 1:

g-(@grt+h)Y=h-(fk+ g — h1)
Equation 2:

(1+v(f' —gr)g =v(fx+g' — hD)f

The geodesic condition is satisfied only if the curve is the base curve, i.e. v = 0. Therefore Equation 2 gives
g = 0 everywhere, hence also g’ = 0 and

Equation 1*:
0=nh-(fkx—ht)

We are not interested in the obvious solution to the system as h = 0, then we assume that h # 0, hence
Equation 3* gives

fk—ht=0
fk =hrt

There exist many solutions to the expression, but we can choose f = 7 and h = k then we finally get




o(u,v) = a(u) + vw(u) withw(u) = tt + kb.

If one instead of chooses the ruling w(u) = %t + b,i.e. f = t/k for h = 1 the parameter v is the geodesic

distance to the base curve. There exist examples that can illustrate the situation like the figure below.

~

\ o(u,v)=alu)+v Gt + b) o(u,v) = a(u) + v(tt + kb) /

Figure 9 A surface with the base curve a(u) = (cos(u), sin(u), sin(u))

If we want to have w to be a unit vector, then

1=(w,w)
=(f-t+g-n+h-bf-t+g-n+h-b)
=f2-(t,t) + g* - (n,n) + h?- (b, b)
=f2+g%+h?

It means that forw = %t + b we have
T 2
(5) +1*=1e1=0
K
The result tells us that w = %t + b can only be a unit vector, if the torsion of the surface is zero along the
geodesic, i.e. the base curve. Consequently is the base curve is planar.

Now we make use of the following examples to prove that the parameter v in the first surface in the figure
above is the geodesic distance to the base curve, while the parameter v in the second surface doesn’t that.



Example 6

We define a curve y on a surface & such that y(t) = a(u(t), v(t)), then we find
Yy =o,u+o,v
¥ = (o0 + 0,,0)U + o,i + (0, + 6,,0)0 + 6,V
= Oy U? + 20,00 + 0,02 + 0yil + 0,7

A curve is geodesic, if the geodesic curvature is zero

Kg = (V) Ng X 7)
= (o 1% + 204,01 + 0,,V° + 0,1l + 6,5, Ny X (0,1 + 6,7))

vis aruling, if v = constant, i.e. v = 0, hence also ¥ = 0.
K, = (0,,U° + 0,ii, Ny X 0,11)
g uu ut, Vg u

So for a surface defined by a(u, v) = a(u) + vw(u) with w(u) = %t + b, we have

a, =
auu - tu
=Kn
Tk — TK
w, = ( — u)t+—tu+bu
Tk — TK
=(— 2 u)t+rn—rn
K
[Tyl = THy
=)
Tyuuk? — Ty, + 2(Tky — TyK) Ky T K — Thy
Wy = t+ t
uu 3 K2 u
Tuuk? — Ty + 2(Tky — TyuK) Ky TyK — Ty
_ : e (S
K K
Which lead us to
o, =
=—t+b

ouxa, = (e b)x (14 v(2S)) e
- (140 () e
=~ (140 (5"




o, X0,

Ny=—2""Y_
llow X oyl
TyK — TK
(1 +v(—” > “))n
K
TK
(o (B )|
=-n
Ouy = Qyy T VWyy
Tyuuk? — Ty, + 2(Thy — TyK) Ky Ty K — THy,
=Kn-+v 3 t+ K (—2
K K
Ty K — Thy, Tyuuk? — Ty, + 2(Thy — TyK)kKy
=(1+v (—2) Kkn+ v 3
K K
0,, =0
Ouy = Wy
Tk — TKy,

=)

We determine the following expression

K2

TyK — Ty

Naxauuz—nx(1+v( ) ))tu

—u<1+v( ))ant
u(1+v(“"ck+r'“‘)> b

Ty — Tky,
KZ

Therefore we find
Ky = (O, U* + 041, Ny X 0y11) = 0

The result shows that the parameter v in a(u, v) = a(u) + v (%t + b) is the geodesic d
base curve.

)n

L

istance to the

Example 7

Now for a surface defined by o(u, v) = a(u) + vw(u) with w(u) = tt + kb, we have

a, =1t
ay =ty
=kn
wy, = 1,t+tt, + kb + kb,

Tyt + ten + kb — KN

T, t+1,b

Tyut + Tty + Kb + 1, by,
= Tyt + Tykn + Ky b — TN
= Tyt + (tuk — TR N + Ky b

Which lead us to




o, =W
=1t + kb
o, =a, +vw,
t+v(t,t+ k,b)
=1 +vr )t +vk,b
oy X 6, = (1 +v1,)t + vi,b) X (Tt + kb)
=1 +vr, )kt X b+vik,bXxt
=1+ vty )kn —vtkyn
= (K + v(ty K — TKu))n
o, X0,
lloy x gyl
(k + v(Tyk — T )N
|(,c + v(ruk — i) )|
=n
Oyu = Oyy T VWyy
= kn + v(ty,t + (tuk — TR )N + Ky b)
= vTut + (k + v(Tyk — Ty )N + Vi, b

We determine the following two expressions

o t? + oyii = (vt + (k4 v(tyk — Try) )N + v, b)u? + (1 + vt )t + viyb)it
= Ty ? + (1 + vt + (k + v(Tyk — ) )P + (Vi U2 + viyil)b

And
N, x oy =n X ((1+vt,)t+ viyb)u
=u((1 +vry)n Xt + vkyn X b)
=u(—(1 + vry)b + vk, t)
Therefore we find

Kg = {0y, U + 01, Ny X 0y,11)
= w((vTt? + (1 + v vy, (8, t) — Wiy W + v, i) (1 + v, ){(b, b))
= w((vrt? + (1 + vr)i)vry, — (Wi, t? + vie, i) (1 + vty,))
= w(vrulvr, + (1 + vry)ive, — vie, W2 (1 + vty,) — vi,ii(1 + vty,))
= W3v(Ty vy — Ky (1 + v7,))

Here we can think that we can’t guarantee that the geodesic curvature is zero along the ruling v, thus it is
not sure that v is the geodesic distance to the base curve.

For rectifying developable ruled surface w X w # 0 with w(u) = %t + b we check

K — TK tK? — 1Kk + 2(tk — TK)K K — TK
(—2 )tx : t+K<—2 )n
K K K
T — T\
(—2> tXn
K

K — TR\ 2
K(—) b

K2

WX w

Il
=




7™ % 0 or b # 0. The second condition can

We can conclude thatw X w # 0, if and only if k # 0, —

reformulate such that

With an arbitrary constant C.



The Bending Energy in the Mobius Strip

In this section we calculate, how much a given Mobius strip is bending. There exists a quantitative calculate
of how much a given surface deviates from a round sphere, and it is called Willmore energy or is also called
the bending energy. The energy of a smooth closed surface o is defined by

€ =f (H?> —K)dA

Where H is the mean curvature, K is the Gaussian curvature, and dA is the area form of a. The formula for
the element of area of & is a part of the surface integral. To define a surface integral, we have taken a
surface @, where u and v varies over a region S in uv-plane. Since we assume the surface o is smooth, we
get ||a,, X a,||, which is the area of the parallelogram with sides a,, and &, by the concept of cross
product. Hence

dA = ||oy X a,||dudv

= (o, X 6,0, X 0,)dudv

= \/(au: O-uxa'v: 0'1;) - (au: av)zdudv
=+ EG — F?dvdu

Therefore the energy is
€= fj (H?> — K)JEG — F2dvdu
s

The bending energy is always greater or equal to zero.
Let a flat ruled surface in R3 be defined by
o(u,v) = alu) + vw(u)

With the ruling w(u) = cos (? . u) (%t + b) + sin (? . u) nforN =0,i.e.w(u) = %t + b. The

parameters u and v in the surface are both geodesics, so we can define the region as a rectangle, i.e.
_ d d

wv)es=[0,L1x|-%.5]

The first fundamental form of the surface is

E = (au: au)

= (1 +v- (fkl;rk)>2 t,t)
_ (1 iy (r’x};n&))z

F= <o'u: av)

= <<1 - (fkl;rk)) t—t+b)




G = (0'1;; 0'1,)

T T
=(—t+b,—t+b)
K K

- (i)2 (&, 1) + (b, b)

‘L‘ 2
= (E) + 1
and the second fundamental form

L= (Nw auu)
. _ . .o 2 _ . . _ . .
—(m, <1 iy (TKK TK)) o+ v <TK TKK + 2(TK TK)K> "

2 13
= —K (1 +v (T.KK_ZTK>> (n,n)
= —K <1 +v (fK};Tk))

-
N = (Nm avv)
=0
M = (Nm o'uu)
_ (—n’ <TKK—2TK') t)

Which leads us to the two expressions

EG — F? = E((%)z + 1)—(£x/E)2 —E

K
LG — 2MF + NE = —xJVEG

Therefore we get the mean curvature:

LG — 2MF + NE
~ T 2(EG - F?)
—kVEG
-~ 2E
kG
2VE

And not surprising we get the Gaussian curvature K = 0 everywhere. So the bending energy becomes




d/2
e—f f EG — F?dvdu
a/2

ffd/z \/_dvdu

d/2
d/Z GZ
—dvdu
-3 <[ M
2

f fd/z % +1) o du

/21 4+ v K_ZTK)

. 1
Let us assume a new function § = —

1h e 21
s=—f KZ((_) +1> f ———dvdu
4Jo k -d/21+——+

— SO we have

K2y

L 2 v=
I CR I ST e

L
= %fo Kt ((%)2 + 1) [ln (1 + 11)) In (1 - %)] du

_4_

_ %f:(ﬂ + k22 In i%z% du
= %LL(TZ + k%)% - In (;tii—tj) du

The result shows the bending energy is zero along the base curve, d = 0, and is going numerically to
infinity, if the value of d is going numerically to 2k%1). To get a non complex number of the bending energy,

we have to demand that the width of the strip is bounded by the interval v € [—%,%] with 0 < d < 2x23.



The Minimal Bending Energy
There are many different Mdbius strips, but we are interesting in strips that give minimal bending energy.
How we can find these?

It is a method that can tell us, how we can draw a smooth centerline at every Mdbius strip through a given
number of points (called control points) without to use too much bending energy? The method use
interpolation technique to analyze and correlate the knots efficiently. The method is called cubic spline
curve. It allowed us to describe a complex smooth curve with relativity simplex piecewise cubic polynomial
functions. From high school we know that the polynomials have the general form

p(x)=a+bx+cx?+dx3+--

which the degree of a polynomial corresponds with the highest coefficient that is non-zero, e.g. if ¢ is non-
zero while the coefficients d and higher are all zero, the polynomial is of degree two. If d is the highest non-
zero coefficient, the polynomial is called cubic. The degree three polynomials are most typically chosen to
building a smooth curve, because it is the lowest degree polynomials that can support an inflection and
polynomials with degree higher than three tend to be very sensitive to knots. The essential idea of the
cubic spline can shortly describes by the following definition and is illustrated in figure 10.

Definition 7

Let xy < x; < -+ < x,, be given knots. A function s is said to be a cubic spline on the interval [xg, X, ], if
s,s"and s’ are continuous in [x,, X, ], and s is a polynomial of degree three or less in each knot interval
[xi—q,x;]fori=1,..,n.

It means that the spline s has n cubic polynomials,

si(x) =a; + bix +cx?+dix3, xg<x<x;
s(x) = S(x) = ay + byx + cpx? +dyx3, x; <x<x,

Sp(X) = ap + bpx + cpx? +dpx3, xp_1 <x < xp

Here we see that each s; has four coefficients, so there are 4n coefficents to be determined, but the
continuity requirements give 3(n — 1) conditions,

5i0) = sp41(xp)
s5i(x;) = si41(x) i=1..,n—-1
si' () = si41 ()
So now we have 4n — 3(n — 1) = n + 3 degrees of freedom. We choose to require that the spline has to

interpolate in the knots, s(x;) = f(x;) fori = 0,1, ..., n. The decision gives n + 1 conditions, which
remains two conditions to us.




Si+1

S1

v

Xo X1 Xi—1 Xi Xi+1 Xn-1  Xn

Figure 10 The cubic spline

The correct boundary conditions of the two remaining conditions will be:

s1(x0) = f'(x0)
sn(xn) = f'(xn)

But here we want to use the periodic boundary conditions, i.e. sl(k) (x9) = s,gk) (xp) fork = 1,2. The
periodic boundary conditions are used for interpolation of periodic function. We already have periodicity of
the knot values of s itself from the conditions s;(x) = f(xg) = f(x,) = s,(x;,), and the extra conditions
ensure that the first and second derivative also are periodic.

Naturally there exist other conditions, e.g. natural spline, “Not-a-knot” and so on, but right now we have
not need to concentrate on these, because we are only interested in producing a cubic spline of the
centerline at the Mdbius strip. The centerline is closed therefore can describe of a periodic function. How
we use the spline in three dimensional will be explained later in this chapter.

If we prescribe that s;(x;_1) = fi—1 and s;(x;) = f; fori = 1,2, ..., n, we can expect that the interpolation
property and the continuity of s are satisfied. The continuity of s’ is satisfied if and only if s; (x;_1) = s{_;
and s;(x;) = s; fori = 1,2, ...,n. We don’t know all slopes {sj'} in the knots, but to our lucky we can use

Hermite interpolation with of degree three to determine the slopes {sf} . Suppose the polynomial

s;(x) = a; + bju + c;u? + d;ud

Where u = %with h; = x; — x;_1. Note that 5;(x;) ® u = 1and s;;1(x;) > u = 0.

4

If we try to derivate s;(x), we get

bi + 2Ciu + 3diu2 " 2Ci + 6diu
s =

si(x) =

As said we need to satisfy the condition s;'(x;) = s}, (x;) at the interior knots, which is equivalent to

2Ci + 6dl _ 2Ci+1

2 Y
h; hiva

Fori =1,2,..,n — 1. From the book [21] we know that the Hermite interpolation gives

a; = fi—1

b; = hisi_,

¢ = 3(fi — fi-1) — hi(2si_1 +s{)
di = 2(fi-1 — fi) + hi(si_1 +s{)



We put expressions of ¢; and d; into the conditions, so we get

fi—fima 4 25i1 +4si _ 6fi+1 —fi 4si+2siy,
hiz h; hi2+1 hivt

2si_1+4s;  4si+2siyy _(fir—fi | fi— fia
+ ] ML L
h; hitq hitq hi

-6

After we multiply the equation with h;h;, /2, we have

hiv1(si_q +28)) + hi(2s{ +541) =713
hiv18i-1+2Ch; + hiyq)s; + hisip =13

fori =1,2,...,n—1, where

fir1 —fi fi — fi—1>

= 3 (hl + hi+1 .
L

hiyq

Since this is a system of n — 1 linear equations in the n + 1 unknowns {s]'} , we have as predicted two

n
j=0
degree of freedom. A periodic spline must further satisfy the two equations s’ (x,) = s'(x,,) and

s""(xg) = s""(x,) and . The left side of the first condition is

b
5'(x0) = 51 (o) = 7= = ¢
1

While the right side is

b, + 2¢, + 3d,
hn

Sl(xn) = Srll(xn) = = 51,1

This condition leads to the simple expression s, — s;, = 1, where r, = 0.

And the left side of the second condition is

2¢q fi—fo 4sy+2s;
s"(xg) =s{(xg) =—5-=6 -
( 0) 1 ( 0) h% h% h1

And the right side

2cy + 6dn _ fn — fn—l 25;1—1 + 4ST’L
2 =6 2 +
ha ha hn

S”(xn) = Srlll(xn) =

This condition leads to

fi—fo 4so+2s1_ 6fn_fn—1 25p-1 + 4sp

hZ hy " h? hy,
2sp_q + 4sp + 45y + 251 —6 (f1 —fo fa— fn—l)

+
h, hy h? h2

6




Now we multiply the equation with h{h,, /2, so we have

hi(Sp—1 +2sp) + h,(2sf +51) =1,
2h, Sy + hysy + hysp_1 + 2hys, =1,

Where 1, = 3 (hn fl}:f‘) + hy f"_hf”_l).
1 n

We can write the system in matrix form for the periodic spline

B L s

h, 2(hy+hy) My I 5! I [rl]
' hy, 201+ hy) oo llsid] |lrn'_1J|

| 2n, h, h, o s | L

Remember a continuous function can be periodic if and only if s(x) = s(x,).

n . .
Now we can use the set {sj’}j_o to solve the coefficients
a; = fi-1
bi = hisi_

ci = 3(f; — fi-1) — hi(2s{_; +s{)

di = 2(fie1 — fi) + hi(si—q +5{)
Thereafter we use the coefficients to calculate the cubic spline s(x). With the extra conditions as periodic
boundary conditions or otherwise leads to a well-defined set {sj}:,l_o, and thereby a unique interpolating

cubic spline.

Example 8

It exist a simple example of cubic spline. Suppose we want to make a periodic curve that is running
through the four control points (0, 0), (3,1), (5,1), (8,0). We observe that the endpoints are joined, so we
can use the periodic cubic spline. In this case the spline generates the matrix equation

where it satisfies 5o (x) = s3(x), sg(x) = s3(x) and sg (x) = s5 (x) at the point x = 0.
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Figure 11 The periodic cubic spline with four knots in one dimensional.

It is important to remember, that we can only use the cubic spline, if the number of knots is equal or larger
than three. And it is not worth to use the cubic spline, if all knots have the same value, because it gives
always (not surprising) a straight line as the minimal bending energy curve.

There exists a proof that shows, that the cubic spline s(x) among all functions g that are twice
continuously differentiable on the interval [a, b], and that interpolate a given smooth periodic function f in

the points a = x5 < x; < -* < x,, = b, minimizes the integral
b
E= j g (x)%dx
a
Says in another way we will show, that f; g (x)%dx = f; s""(x)%dx. We begin to consider
b b b b
j (g"(x) —s"(x))?%dx = f g (x)%dx +f s"(x)%dx — 2_[ g (x)s" (x)dx
a a a a
b b b
=f g”(x)zdx—f s (x)?dx — 2_[ (9" (x) —s"(x))s" (x)dx
a a a
By using the partial integration in the last integral for the contribution from the ith interval reveals
Xi
= (6700 - 5" @)s" @i
Xi-1
X X
=[(g') =s'@)s" @, - f (9'() = s'(x))s® (x)dx
Xi-1

We know that s (x) = 6d; for x;_; < x < x;, which is a constant, and g(x;) — s(x;) = 0 for all i because
they are both interpolated to f at the points x;, i.e. g(x;) = f(x;) and s(x;) = f(x;), so




1= [0’ = @)s" WL =6 [ (960 = ')y

Xi-1

= [(g'@ - 5'(@)s" () — 6di(g(0) = s
= (g () = ' (xD)s" () = (9" (xima) = 57 (x12))s" (x121)

Consequently is

b
f (gu(x) _ S”(x))S”(x)dx = 11 + ]2 + e ITL

= (9'(x1) = 5" (x))s" (x1) — (9" (o) — 5" (x0))s" (x0)
+(g' () =" (x))s" () = (9" (xim1) — 5" (xi=1))s" (i_g) + -
+(g' (tn) = 5" (en))s" (n) = (9" (eno1) — 8" (Hn=1))s" (en1)
= (9'(xn) = 5"(xn))s" (xn) — (9" (o) — 5" (x0))s" (x0)
For a smooth periodic function we know that f'(xy) = f'(x;,,) and f"'(xy) = "' (x,), then we can assume

that g'(xg) = g'(x;), s'(xg) = s'(x,) and s"" (xy) = s" (x,,). Thus we have

b
f (g”(X) _ S”(X))S”(X)dx =0

Now we can insert this result in the reformulating of the expression of E:

b b b b
-f g"'(x)%dx = J s"(x)%dx + f (9" (x) —s"(x))%dx + 2_[ (9" (x) —s"(x))s" (x)dx
a ab ab a
=f s"(x)?dx +f (" (x) —s"(x))?dx
b
> J s"(x)%dx

The minimum is obtained when g’ (x) —s"'(x) = 0fora < x < b, i.e. g(x) = s(x) + ky;x + k,, where k;
and k, are arbitrary constants. But the interpolation condition involve that g(x;) = s(x;) for all i if and
only if k; = k, = 0, therefore g(x) = s(x).

A reason why we are saying a smooth periodic function is that we want to make a function (naturally in
three dimensional) that looks like the base curve at the Mobius strips. The base curve is a smooth closed
curve, it is why.

However, if the function f is not required to be smooth periodic and g is required not only to interpolate
the given points, but also to satisfy the boundary conditions g’'(a) = f'(a) and g'(b) = f'(b), then the
same integral is minimized, when g(x) = s(x), the interpolation cubic spline with correct boundary
conitions. However also, if the function f is not required to be smooth periodic, and again the same
integral is minimized, when boundary conditions of the interpolation cubic spline is natural.



We now know how to make a function from a set of knots by using the periodic cubic spline curve. Now we
want to extend these ideas to arbitrary curves in two or three dimensional space.

In three dimensional the polynomial curves have the general form:

a; + byx(t) + c1x(t)? + dyx(£)3 + -
p(x(),y(®),z(t)) = | az + byy(t) + c,y(£)? + doy(£)® + -
as + b3z(t) + c3z(£)? + d3z(£)3 + -

We write three systems of linear equations for x, y and z coordinates separately. Each system is solved by
following the same process as we have used in the previous. The only major difference being that we solve
three linear systems instead of one with the independently variable is t. |.e. we write the system like here:

1 -1 [ Sxg SYo sz
[hz 2(hy +hy) by ]| sx1 sy1 sz3
I : : :

l hy 2(hp-1+hy) hpoq ”5757’1—1 SYn-1 SZn-1
| 2h, h, hy 2hq 1L sxj, SYn SZp

It is a point to consider. In a space, it is quite possible for a curve to join back on itself to make a closed
curve. If we have the situation, we enforce C°, C! and C? continuity where the curves joins, then we have
all the equations needs without to enter any slopes.

e (O continuity means the two segments match values at the join.
e (! continuity means they match slopes at the join.
e (2 continuity means they match curvatures at the join.

If a spline satisfies the all three conditions, the segments in the spline match torsion at the join. The
definition of the torsion is determined by the slope and the curvature.

Like in the one dimensional space the elasticity of the cubic spline in the three dimensional space with the
constraint of the knots will cause the strip to take the shape that minimized the energy required for
bending it between the fixed points.



Making the base curve with the cubic B-spline

Our primary problem by using the interpolated technique described above is, that it can be hard to
generate a base curve which gives a nonorientable (will be explained later) ruled surface like M&bius strip.
To our lucky some scientists have investigated the technique further and get a fine result. The new
technique is called B-splines. B-spline is a spline function that has minimal support what it regards degree,
smoothness and domain partition.

The cubic spline s can expressed as a linear combination of basis splines B;3, so-called cubic B-splines.

500 = ) 6By ()

2

Where c; are the control points. The definition of the basis splines is written here:

Definition 8

Let x; be knots. We define the B-splines by the expression

B, o (x) = {1, X <X < Xjyq
gl 0, otherwise
And forr = 1,2,3:
X — X Xitr+1 — X
Bi,r(x) = Bi,r—l(x) + Bi+1,r—1(x)
i+r — Xi Xitr+1 = Xi+1
Here is an example of the B-splines.
Example 9
For a B-spline with the degree r = 1 in the interval [x, x,,] we get
X = Xi Xit2 =X
Bi1(x) = ———B;o(x) + ————Bi410(x)
' Xig1 —Xi Xiy2 — Xi+1 '
X — X <y< Xitz =X <r<
S Xi S X< Xigq — Xit1 S X < Xig
=1Xit1 — X T\ Xit2 = Xig1
0, otherwise 0, otherwise
( 0 x < Xx;
X — Xi - <
o XisSX< X
— Xiv1 — Xi
") Xigz —X
—— Xiy1 S X <Xy
Xit2 — Xit1
0 xi+2 S X

With r = 2 or more the expression becomes more complicated, then we don’t write it here, but we can
illustrated the functions.




é. knots

Figure 12 The B-spline with the degrees r = 0,1,2,3.

The degree r indicates how many knots the B-spline want to “jump over”. On the figure we recognize that

B-spline with r = 1 as a linear spline. It jumps over only a knot. For the quadratic spline it jumps over two
knots, etc.

How it jumps over the knots depends on the degree and how the knots are placed relative to each other.
For the cubic B-spline we can consider the shape like here:

_‘ 1-fold knots

_‘_ 2-fold knots

é 3-fold knots

Figure 13 The cubic B-spline with a various multiplicities.

If there is 4-fold knot or more, the cubic B-spline is going to end there.

An advantage by using the cubic B-spline is, that it is easy to differentiate. The k-derivative of the B-spline is
k— k k— k)
W, . kB P(x) (x=x) Bl () kBELL ) | (irss — %) B, ()
B, (x) = +

Xitr — Xi Xitr — Xi Xitr+1 — Xi+1 Xitr+1 — Xi+1

Where k € N/{0} and Bi('g)(x) = 0 foralli.



Example 10

For k = 1 we get

7 Bi,r—1(x) (x —x;) - Bi,,r—l(x) Bi+1,r—1(x) (Kjgre1 — %) Bi,+1,r—1(x)
Bi,r(x) = + - +
Xitr — Xi Xitr — X Xitr+1 — Xi+1 Xitr+1 — Xi+1

With r = 1 the result of the equation is

Bi,o(x) n (x —x;) 'Bz{,o (x) _ Bi+1,0(x) n (Xjgr41 — X) 'Bz{+1,0(x)

Xi+1 — X Xi+1 — X Xi+2 — Xi+1 Xi+2 — Xit+1
Bi,o(x) Bi+1,0(x)

Xit1 — X  Xiy2 — Xj41

Bi,,l(x) =

1 1
Xig1 — % ASES | Xiyz = Xi41 Hipth S5 B
0, otherwise 0, otherwise
0 x < Xx;
! <
X =% o N
-1

——— Xi4y1 S X< X4
Xit2 — Xit+1
k O xi+2 S X

Notice that Bi(,];) (x) =0forr=0,1,2,...,k — 1. It holds for all i. Look at the illustration below to

understand why.

r=0 r=1 r=2
constant linear quadratic
/\ /\
Bi!,{x) — " T [ —

Bil,r{x) A

Bli:r (%) — T | — ! T T T i T T 3T —
BII:; {K) I 1 T T T T T T 1 T T T T T
B::rl{x) T T T T T f I T I I I 1 T

Figure 14 The B-splines of various degrees with simple knots and their derivatives.




It is illustrated an example of a cubic B-spline with various orders of the fold. The illustration tells us, that
the order of the fold has no influence on the claim.

Bi,S{x) - T T [ (i T 1 - | I

B ;IS{K) L T T i S B  — |

BII:B{K) — T a4 : i | I (I ‘

B::;(K:‘ T T T T T T ‘

B::;{K) i 1 | 1 1 | 1 1 -

Figure 15 The cubic B-spline with a knot of various multiplicities and their derivatives.

Now we know that how the knots have the influence on the derivatives, then we take a step further in the
discussion about using B-spline to generate a base curve at the Mdbius strip. Which fold is the best to use
for generating the curve? Is it sufficient to use simple knots during the entire path or have we to use 2-fold
knots or other similarly techniques?

We wished to generate a C%, C! and C? continuity base curve, then the simple knots will be the perfect
solution, because it is the only one of the four different fold-technique, which is C? continuity.

It is not sufficient to use the simple knots during the entire path. The base curve at the Mobius strip is
joined back on itself to make a closed curve. Therefore it is a good idea to form the B-splines then it
becomes periodic and can consider as a closed ring like the figure 16. It means that the axis x is walked
from x, to x,, and can walks further by walking again from x,. In this way we can be sure that the B-spline
is C%, C* and C? continuity at the join.



> @

Xo, Xn

Xo Xn

Figure 16 The periodic cubic B-spline can reshape to a closed ring.

To get the B-spline like the box to left in the figure above, the knots have to be placed uniform along the
axis. The B-spline like the ring to right in the figure above satisfies the following conditions:

BY):(xo) = BY, ; (x)
BY). (x0) = B, 5 (x)
B, (x0) = B, 5 (xn)
B3 (xo) = BYS) () = 0

Fork = 0, ...,2. Note that the curve a is defined by

n—-1

a(x) = ) ciBys(x)

i=0

Where it is given a point x belonging the intervals xy < x; < -+ < x,, of the curve. We may remember that
B; 3(x) is nonzero only in the open interval |x;, x;44[. .. for a given x in [x;, x;11] there are at most four
nonzero basis splines, B;_3 3(x), B;_5 3(x), B;_1 3(x) and B; 3(x). At a knot there are only three nonzero B-
splines. Thus we can expressed the curve as

n-—1

a(x) = Z ¢;Bi3(x)

i=-3
But we compute only for the sake of the interval x € [x;, x;;1[, which means we only need to include the
terms with B;,._; # 0. If we investigate the definition of B-spline:

Xitr+1 — X

X — Xj
Bi,(x) = x_—_l'Bi,r—l(x) + Bit1r-1(x)

i+r i Xitr+1 — Xi+1
We are going to see, that in the interval x € [x;, x;,1[ the only nonzero B-spline of degree zero is B; o (x).
By increasing the degree we spot, the only nonzero B-spline is B;_; ; (x) and B; ; (x). For the quadratic B-
spline there is only B;_, ,(x), B;_1 ,(x) and B; ,(x), etc. The computation of that can demonstrated
excellent as figure 17.



Figure 17 Nonzero values in the cubic B-splines when x € [x;, x;,1]-

It is written a consequence in the example below.

Example 11

For a given x € [x;, x;;1[ we find

Bi_33(x) = Bi_5,(x)
= X —x xHJ-Cl xl;CZ e
— Xi—2 i+2 —
Bi53(x) =—————""B; ,,(x) +————B;_;,(x)
e Xig1— Xi—g Xiyz —Xjeq
— Xi-1 Xi+3 — X
B 13(x) = — Bi_1,(x) + ———B;»(x)
i;z_ x?fi—1 Xi+3 i
Bis(x) = —lB‘z(x)
v Xigz = X;

The example shows that the computation for x € [x;, x;,4[ involves only knots x;_j, ..., X; 3, while for
X € [x,,_1, X, [ involves knots x,_3, ..., X, 4. It means that for the cubic B-splinewith0 < i <n —1we
need two extra knots at both ends. Remember the extra knots must satisfy x_, < x_; < x, and
Xn = Xp41 = Xp. Often the extra knots are chosen such that they are placed correspondingly with x, and
X,,. But in our case we choose
X_2 = Xg ~ Xp-—2
X-1 = Xo ~ Xn-1
Xn+1 = Xp + X
Xn+2 = Xn t X3




In this ways the conditions for establishing of a closed ring like figure 16 is satisfied.

There exists an general equation, which can tell us how many extra knots we need for any degree r. This
equation is the property of the degree r of the B-spline

r=m-n-—1

Where m + 1 is the number of knots and n + 1 is the number of control points.

Figure 18 An example of the cubic B-spline with 7 control points and 11 knots
(a non-closed curve in two dimensions).

Example 12

To get a cubic B-spline with 7 control points, we need 3 =m — 6 — 1 & m = 10, hence 11 knots.

Note that example 12 is the same as the figure 18.

Back to our choice of the extra knots. The consequence of the choice is, that we have to choose the
following control points:

€2 =Ch2

€1 =Ch
Co =Cn
Ch+1 = €1
Cni2 = C2

to could get a closed curve. It means that now we can be sure that the curve a satisfies a(x,) = a(x,).
You can see the result in the figure 22.

In the section about nonorientable we will read that we need at least 7 control points to could generate a
Mobius strip. It gives us 15 knots which four of them are extra knots using to the computation.




The Mobius Strip as a Nonorientable Surface

A smooth surface is called orientable, if the positive normal direction, when given at an arbitrary point of
the surface, can be continued in a unique and continuous way to the entire surface. Then a sufficiently
small piece of a smooth surface is always orientable. This may not hold for entire surfaces. It is well known
that the Mobius Strip is a nonorientable smooth surface, because the normal direction in every point of the

strip is not unique. Now we try to find conditions for the expression, 6 = a + v (Et + b) with the interval

d d . . . s .
u€[0,L]andv € [—5,5], such that it generates a nonorientable smooth surface like the Mobius strip. For

the closed and smooth base curve we require that the expression satisfies the condition respectively
a(0) = a(L) and a™ (0) = a™ (L) for every n € N. We can divide the surface in sufficiently small pieces,
so all pieces are orientable like the figure below.

Figure 19 Mobius strip divided in many sufficiently small pieces.

For a nonorientable strip like the M6bius strips we expect that the torsion has rotated the end of the
surface with N - 180 degrees (or says in the other ways N - i in radians), where N is the odd number of the
half-rotation, and let both ends join. Since the surface is smooth the consequence is the standard unit
normal N, at the two endpoints on the strip has this relation:

N,(0,v) = —N4(L,—v)
Since the base curve is closed and smooth, we have the tangent vector at the endpoints

w0y - EO &)

FOIEO e

So the rotation generates the following conditions of the base curve

n(0) = —n(L)
b(0) = —b(L)

It is illustrated the problem in the next page and the illustration shows, how we get the three conditions
above. A simplify case of the Mobius strips has the value N = 1.



a(l)

N - 180 degrees

a(0)

Figure 20 The rotation of the Fernet-Serret vectors at the base curve with the odd number N.

Perhaps you are tempted to think, that you can achieve this property, if the choice of the ruling w(u)
changes to the ruling

N-m (N'm
cos( L -u>w+sm( L -u)th

It is added the vector w X t, because it is perpendicular to w, and so multiply the two vector with

. N- N- . . . .
sin (Tn . u) and cos (Tn . u) respectively to get a circular motion perpendicular to the base curve a.

There are illustrated four examples of this property in the figure below.

Sy
7
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)

Figure 21 A surface expressed as o(u,v) = a(u) + v- (cos (? . u) w + sin (? . u) w X t).

But you have to be carefully, since we need to check about the new ruling can satisfy the two conditions:

Equation 1:
g-(@rt+h)=h-(fk+g' —h1)
Equation 2:

(1+v(f' —gr)g =v(fx+g' —hO)f




For the ruling w(u) = cos (? : u) Gt + b) + sin (? : u) n, (notice thatn = (% t+ b) X t), we achieve

the following functions:

T N-m ) ,  TK—TK (N-n ) N-m 7 <N'TL’ )
f—Kcos U f'= 7 cos(——u A A
L (N-n ) , N-m (N-n )

g =sin{——-u g =-——cos{—/—u

b= (N-n ) b= N-m (N-n )

= cos|——-u = [ sin{——u

The first equation g - (g7 + h') = h- (fx + g' — ht) gives:

7 sin? (M . u) N-m

L L
The second equation (1 + v(f’ — gx))g = v(fx + g’ — ht)f gives amazing long equation, which we
don’t write here. But we can say, that we can by the two equations conclude that the new ruling satisfies
the two conditions if and only if N = 0. If N # 0, it is not sure that the parameter v is the geodesic distance
to the base curve. Therefore we can’t guarantee we can define the region as a rectangle, when we use the
new ruling for N # 0. Or says in the other ways we can’t guarantee the surface with the new ruling want be
developable. Here comes the cubic b-spline in the picture. In short we will take advantage of the cubic b-
spline and their useful properties to making of the base curve.

From the previous section we know that a closed curve dependent of our choice for the positions of the six
control points ¢y, €1, €3, € _2, Ch_1, €, Where ¢y = c,,. The knots at the curve are uniformly distribution.

o .
C;
c
Cn-1 n
(2]
Co
Cn—2
* e
. [ ]
Figure 22

It will be easiest to choose the end points ¢, and c,, to lie at the point (0,0,0). We let the point be our
default point. We can always move the coordinates translational after our desire without to change to
shape of the curve.

To satisfy the condition t(0) = t(L), we can require that the control points must satisfy

_(Cn—l - Cn) =€ —Cy




Because the tangent vector t involves only &. Since ¢ = ¢, = 0 we can reduce the demand to

_Cn_]_ = Cl.

The elegant choice will be ¢; = (a,0,0) = —c,_;, where a € R is a point in the x-axis, because we can
always rotate the coordinates after our desire without to change to shape of the curve.

The binormal vector at the endpoints b(0) = —b(L) involves & and &, which means

_(enz—€n-1) + (€po1 =€) _ €z — €1 + (€1 = €o)

2 2
—(cp—z —€p) = ¢ — ¢

Since ¢y = ¢,, = 0 we can reduce the demand to —c,,_, = ¢,. Again the elegant choice will be
c, = (b,c,0) = —c,_1, Where b, ¢ € Ris a point in the x- and y-axis respectively.

In short our proposal for positions of the control points is

c, =(0,00) =c,
¢, =(a,00)=—cy1
C2 = (b, C, 0) = _cn_z

But it is not sufficient with 6 control points to generate a base curve for the Mébius strip. Because the curve
is running through itself, if there are only 6 control points placing as our proposal. Look at the figure 23.

1

Pl =
-501 - P

=T 100

Figure 23 The cubic spline in three dimensions with only six control points.

It is not the solution we are searching after, then it is need a control point more. The new control point has
to be place such that it forces the curve to don’t run through itself. But where have we to place the point?



The one of the great thing about the construction of a Mobius strip with paper is, we will see a symmetry
that can motivate the following expression of the base curve:

x(u) is odd L-periodic function, for example %;0; " sin (% u)
y(u) is odd L-periodic function, for example 2;pi-sin (? u)
z(u) is even L-periodic function, for example 2 q; - cos (% ' u)

The coordinates can obviously change places dependent of the choice, but here we assume just the curve
has been during a so-called Procrustes Analyze. We have not to think about it now.

It is therefore often interested to build curves at the Mo6bius strips after the symmetrical principle. We use
the knowledge to place the new control point. We can place the new control point either above or under
the endpoints, ¢, = (0,0,d) where d € Ris a point in the x-axis, since both choices give symmetry.

100
a0 .
ao.

in

—100” 100

Figure 24 The Mobius strip by using the following control points,
¢, = (0,0,0) =c,, ¢, =(100,0,0) = —c,_4, ¢, = (100,100,0) = —c,,_,, ¢35 = (0,0,100)

7 control points are therefore the least number we can have to make a Mobius strip. But what does it
happen, if we increase the number of control points, and how we can place them so the bending energy is
the least of all bending energy? It is an optimization problem and the next section will be talk about that.



The optimization of position for the control points

Now we need to think about practically problem. How can we be sure that the choice of the position of the
control points such that the minimal bending energy is the least of all possibly minimal bending energy, i.e.
how we can optimize the positions? Which mathematic program (MAPLE or MATLAB) is best to calculate
and plot the bending energy? How we can plot the bending energy with so few inputs/parameters as
possibly, so the optimization in the mathematic program will have bigger chance to find the correctly
optimized solution?

First we talk about the optimization of the positions. We have the bending energy
1t 2% +d

_ 2 232, .
S_Zfo (% + k*)=“y ln(zkzlp_d>du

Where ¢ = ﬁ It is not indeed linear, hence not easy to find a curve, which gives the least bending

energy of all curves, by using algebra method. It forces therefore us to use the weighted sum an alternative
method to the integral — numerical calculation — of the bending energy. The numerical optimization can
solve by mathematic programs. We use MATLAB, since the program is the best design of the two
mathematic programs | know (MAPLE and MATLAB) to evaluate numerically. We tell the program, what our
starting guess of control points c; and knots t; are. Thereafter the program can search after the optimized
points. If the starting guess is already the optimized solution, then the program doesn’t move them,
otherwise it moves the starting control points to the optimized points. In the way we can be sure, we have
the optimized solution. But we have to be careful, because we can only find the solution, if we use a good
starting guess and the correctly constraints. If the starting guess is bad, we risk getting a not-complete
optimized result.

The optimization becomes harder to solve and more sensitive, if we use more control points. Therefore it is
suggested to use few control points as possible. From section about nonorientable we know that the least
number of control points to generate a Mobius strip is 7. It is also a proposal for positions of the control
points from this section we can use as our starting guess.

Now we talk about the constraints. If we compared two curves, which is identical with each other expect
for scaling size - the one is simply a scaling of the second —, we want observe that the scaling have a
meaning for the optimization. If the one is smaller than the second, the curvature and torsion will be larger
than the second. But if the one is larger than the second, the curvature and torsion are both smaller than
the second. Take now a very simply case as a circle with a radius r. Its curvature is k = 1/r. For r walking
against infinity, the curvature is going to zero.

Therefore the program will maybe be tempted to place positions infinity long away from each other in
searching after the optimization. It gives infinity long the base curve at the Mdbius strip, which is not the
idyllic solution. We need to set a constraint in the optimization, and it is the length of the base curve must
be a fixed constant. We choose, which length the strip we want to have, before we can begin optimizing.
We can use the definition of the length

1
L= j; () 1 de



as a fixed constraint in the optimization, where the base curve a: [0,1] - R3 .

We have also to remember to get a non complex number of the bending energy. Therefore we add a
constraint in the optimization. The width of the strip is bounded by 2x?) > d > 0.

Let us saying we have the bending energy €. We can define a function G (ty, ty, ..., tm, €9, €1, ..., €5) @S @
bending energy of the Mo6bius strip by using the cubic b-splines with the starting guess knots {ti}i(," and
control points {ci}fzg. We tell the MATLAB, that we want to minimize the function G

min & = min G({ti}i::gl» {c}=8
Subject to the fixed length L = follld(t)lldt and 2x%yp > d > 0.

Now we have to think, what MATLAB need to know before it could begin to evaluate and optimize the
bending energy. Beyond the knowledge of the position of the knots and control points the optimization
needs to know the length L and the width d and four functions:

K,T,K,T
if we want to optimized the position of the control points.
We can already evaluate the expression of the first two parameters, curvature and torsion:

llée % all
lleell®
(a x a,a)
T=7"""=n7
llae x él|?

These tell us that we can calculate the bending energy, if we have the knowledge to the three functions
@, &, &. But what with Kk and 7? What is the expression of the two parameters, when we use the cubic b-
spline? First we try to discover an expression for the differential of the curvature.

Let the base curve a at the Md6bius strip be determined by the cubic b-splines with control points
Cg, €y, ---, Cn. We get the following

n n n n

at)=) eBu®, =) cBs,  @=) aBi, &= ) cBy
i=0 i=0 i=0 i=0
and
a(4') — a(S) =..=

Shortly we will see why it is nice to use the cubic b-splines.



_llaxal _(axaaxa'? f_{aa)
TTNelF T (@@ g (bbyP

a=axa
a=axXat+axa=axa

o O
I
! R

f = (a,a)'/? g = (b,b)3/?
= (@ X a,ax a)l/? = (@, @)3/?
. {(a,a)+(a, a) .3 . .
f=Zwaiz 9= BB - ((b,b) + (b, b))
(a,a) = 3(b, b)/%(b, b)
= (a, a)1/2 - 3(0{, d)1/2<&’ d)

(@ X a,axda)
@ xa,ax a)/?

 Fa—fi _(aa)bb)—3(aaxbb) (axddxalal? - 3llix @l )
TTE T (@a A b by llé x allllel[’

And so the differential of the torsion.

laxad)  (axad _f (ab)

T="- " = P =
laex&l||? (axaaxa) g (aa)

a=axa b=d

N.B! We write ® = 0 because of the cubic spline.

f ={a,b) g =(a,a)
={(axa,a) =(a@xaaxda)
f = (a,b) + (a, b) g ={a,a)+(a a)
= (@ X &, &) + (& X &, 0) = 2(a, a)
=0 =2(@ X d,a X i)

. fg-fg  22abXaa)  2axd,@)axdax i)
T T T @a?r T lée x all*

Therefore it is sufficient that we have the knowledge to the three functions




aaa

if we want to find the bending energy by using the cubic b-splines for the base curve a and the Mébius
strip. We don’t write the bending energy as a function of the three functions here, because it will be a very
long equation and not a very pretty equation.

Now we can optimize the position of the control points and get a Mobius strip which gives the least
bending energy.



Results and discuss
Now we have to discuss the results, which | get by running the MATLAB.

As an example we choose the following control points

¢y, = (0,0,0) = ¢4

c; = (100,0,0) = —c5
¢, = (100,100,0) = —c,
¢; = (0,0,100)

With the control points we get a Mobius strip, which is illustrated in the figure 24. Its bending energy
(before the integration) can see here:

bending energy in 10-logarithn

Figure 25 The bending energy in 10-logarithm for the M&bius strip.

After the integration we get E = 3.2926 - 1075, which is very little after my opinion. The result gets me to
think, how the bending energy is as a function of the width.



w10 "The bending energy as a function of the width of the strip
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Figure 26 The bending energy as a function of the width of the strip.

As expectation the figure above shows the bending energy is proportional to the width, but the surprising
thing is, that the plot seems to be almost line (until the width is about 3).

| can’t get a Mobius strip with wider band like the strip to right in the figure 1. Because by the figure 27 it is
noted that the minimum value of 2|x21| is 3.5. It means that for this case we can’t have d larger than 3.5.
It is absolute little, since the length of this strip is about 546.338. The missing blue dots in the intervals

t € [0,0.18] and t € [0,0.82] dues to the infinite. The values of 2|k21| in the intervals are infinite.

The maximum width of the strip as a function of the time
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Figure 27 The value of 2|k?1| as a function of t € [0,1].



If we use the control points as our starting guess in the optimization with the length L = 546.338 and the
width d = 3.5, we get:

Local minimum possible. Constraints satisfied.

fmincon stopped because the size of the current step is less than
the selected value of the step size tolerance and constraints were
satisfied to within the default value of the constraint tolerance.

<stopping criteria details>

The length of the strip is : 546.338

The width of the strip is : 3.5

With the bending energy E = 4.4781le-05 the optimized control points are
points opt =

0 105.5584 104.2386 -0.0000 -104.2386 -105.5584 0
0 0 105.8173 -0.0000 -105.8173 0 0
0 0 0 51.2159 0 0 0

The result tells us, that in this case the optimization doesn’t give a better solution, since the bending energy
is E = 4.4781 - 10~> which is a bit larger than the origanally. What does it happen, if we change the length
while the width remains the same? We choose arbitrary the length L = 195 and L = 200 for the width

d = 1.Theresultis

Local minimum possible. Constraints satisfied.

fmincon stopped because the size of the current step is less than
the selected value of the step size tolerance and constraints were
satisfied to within the default value of the constraint tolerance.

<stopping criteria details>

The length of the strip is : 195

The width of the strip is : 1

With the bending energy E = 0.00050625 the optimized control points are
points opt =

0 33.3360 45.0905 0.0001 -45.0905 -33.3360 0
0 0 30.2485 0.0001 -30.2485 0 0
0 0 0 33.3916 0 0 0

The length of the strip is : 200

The width of the strip is : 1

With the bending energy E = 0.00044557 the optimized control points are
points opt =

0 34.3668 46.0331 0.0001 -46.0331 -34.3668 0
0 0 31.3264 0.0001 -31.3264 0
0 0 0 33.6935 0 0 0

(@)




Not surprising the small length gives bigger bending energy.

We can try to use 8 control points with the desired length L = 546.338 and the width d = 1 for the
following starting guess

¢, = (0,0,0) =c,

¢, = (100,0,0) = —6

¢, = (100,100,0) = —cs
¢; = (50,50,50)

¢, = (—50,-50,50)

It takes a bit time before the optimization is finished.

Local minimum possible. Constraints satisfied.

fmincon stopped because the size of the current step is less than
the selected value of the step size tolerance and constraints were
satisfied to within the default value of the constraint tolerance.

<stopping criteria details>

The length of the strip is : 546.338

The width of the strip is : 1

With the bending energy E = 1.5769e-05 the optimized control points are
points opt =

0 96.1340 96.4998 49.7896 -49.7896 -96.4998 -96.1340 0
0 0 95.5635 48.8841 -48.8841 -95.5635 0 0
0 0 0 48.9982 48.9982 0 0 0

Here we are “lucky” to get the lower bending energy compared to only 7 control points. We are saying
“lucky”, because it is used the “fail-and-try” method to find a good starting guess (using the symmetry
principle).

Now we have to talk about the errors in the results.




Figure 28 The missing part of the Mobius strip.

Although it is clearly sketched a closed curve (the blue curve) in the figure above, always there is missed a
part of the surface. | can’t explain precious why, but | am sure that it is something to do with code in
MATLAB, which | have written wrong.



Conclusion
By the results we have founded in theory chapter, we conclude: A surface, that has to be a flat Mobius strip
with length L and the width d, needs to satisfy the following properties:

@ Belongs the ruled surface: o(u, v) = a(u) + v - w(u), where a is the base curve.
Developable: (@, (6, X 6,) X a') = 0.

The Gaussian curvature is zero everywhere.

Tangent vector t(0) = t(L).

Unit principal normal vector n(0) = —n(L).

Binormal vector b(0) = —b(L).

C 0 C O CQC

Expressas o(u,v) = a(u) + v (%t + b), where k is the curvature and 7 is the torsion. Both are
making of the base curve a.

2K P+d
2K2P—d
bending energy. The bending is proportional to the width d. The width is numerical bounded by 2x?.

The bending energy of the Mdbius strip is: E = ifOL(TZ + k%)% -1n ( ) du. Small length gives larger

If it is used a cubic B-spline to generate the base curve of the Mdbius strip, then the control points of the
cubic spline must satisfy following

@ Have least 7 control points (more control points — more sensitive)

@ ¢,=1(00,0) =c,

o C1 = (a, 0,0) = —Cn_l

@ ¢, =(b,c,0)=—c,_,

@ c¢3; = (0,0,4d) if we use only 7 control points, otherwise other places.

@ Symmetric positions like here:

. . . . N

x(u) is odd L-periodic function, for example Y, 0; - sin (T u)
y(u) is odd L-periodic function, for example >ipi - sin (? . u)
z(u) is even L-periodic function, for example Y. q; " cos (% . u)

@ The extra knots and control points

X-2 = Xo — Xp-2 €2 =Ch

X_1 = Xg = Xp-1 €1 =Cn
Xn+1 = Xn + X1 Ch+1 = €1
Xntz2 = Xn t X3 Cny2 = C2

The optimization of the position for the control points is dependent on a fixed length L = [||@(t)||dt and
22 >d > 0.

By the results we have founded in running of MATLAB program we can conclude that it works, although
there is a place for improvement. The biggest problem in the results is, that it is not succeeded yet to get a
very wide band like the strip to right in the figure 1.
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Appendix A: MATLAB-code

o\

Test no. 2

oe

oe

Find the surface by using the control points at the cubic b-spline

oe

o\

Written by: Coilin P. Boylan Jeritslev, 28th June 2011...

clear all; clc;

r = 100;

x=[ 0 r r 0 -r -r 0]; % control points in x-coordinat
y=1 0 0 r O0-r 0 0]; % control points in y-coordinat
z=[ 0 0 0O r 0O O O0]; % control points in z-coordinat
points = [x;y;z];

knots = linspace(0,1,size(points,2));

d = 5; % width of the band
i = 0;

steplength = d/100;

for s = O:steplength:d
i= i+1;

[E(i1),f,t,n,b, kappa,tau,ddE(:, :,1),time, Length,border] =
energy bending2 (points, s, knots) ;

o\°

If we get a complex number in the expression of the energy,
% we stop the loop.
if isreal (E) ~= 1

E(1) = [1;

ddE (:,:,1) = [1;
s = s-steplength;
break

end
end

mnyplot (E, £,t,n,b, kappa,tau,ddE(:,:,1i-1), time, Length, border, s)




function [E,f,t,n,b, kappa, tau,ddE, time,Length,border] =
energy bending2 (points, d, knots)

n = 200; [pp,time] = my cubic bspline(points, knots,n, 'periodic');

figure (1)
plot3 (points (1, :),points(2,:),points(3,:),"'go'), hold on

for i = l:size(points,2)-1
text (points(1l,1i),points(2,1),points(3,1),num2str (1))
end

plot3(£(1,:),£(2,:),£(3,:)), axis equal square,

xlabel ('x"), ylabel('y'"'), zlabel('z")

title('The surface with the blue centerline and the red rulings')
hold off

dlf pp(:,:,2);
d2f = pp(:,:,3);
d3f = pp(:,:,4);

1(1) = norm(dlf(:,1),2);
Length (1) = 0;

for 1 = 2:size(f,2)
1(i) = norm(dlf(:,1),2);
Length (i) = trapz(time(l:1),1(1:1));

end

for i = l:size(f,2)
cl(1:3,1i) = cross(d2f(:,1),d1f(:,1));
c2(1:3,1) = cross(dlf(:,1),d3f(:,1));
t(l:3,1) = dlf(:,1)/norm(dlf(:,1),2);
b(1:3,1) = -cl(:,1)/norm(-cl(:,1),2);
n(l:3,i) = cross(b(:,1),t(:,1));

kappa (i) = norm(cl(:,1),2)/norm(dlf(:,1),2)"3;

dkappa (i) = (dot(-c2(:,i),cl(:,1)) .*norm(dlf(:,1),2)"2. -
3*norm(cl(:,1),2)"2
.*dot (d2f (:,1),d1f(:,1)))/ (norm(dlf(:,1i),2) 5*norm(cl(:,1),2));

tau(i) = dot(-cl(:,1),d3f(:,1))./norm(-cl(:,1),2)"2;
dtau (i) = -2*dot (-c1(:,1),d3f(:,1))*dot(c2(:,1),-cl(:,1))/norm(-
cl(:,1),2)"4;
phi(i) = 1 / (dtau(i) * kappa(i) - tau(i) * dkappa(i)):;
if isnan (phi (1))
phi (i) = Inf;

end

border (i) = 2 * abs(kappa(i) * phi(i));




if isnan (border (i))
border (i) = Inf;
end

v = linspace(-d/2,d/2,11);
for j = l:length(v)
ddE (j,1) = kappa(i)”~2 * ((tau(i)/kappa(i))”2 + 1)"2 /

(1+v (J) / (kappa (i) *phi(i)));
end

bdE (i) = trapz(v,ddE(:,1));

dE (1) = (tau(i)”"2 +
kappa (1) *2) ~2*phi (i) *1og ((2*kappa (1) *phi (1) +d) / (2*kappa (1) *phi (1) -d) ) ;

if isnan(dE(i))
dE(i) = 0;
end

end

E = 1/4 * trapz(time,dE);

end




function [s,t] = my cubic bspline(c, knots,n,varargin)
C = c; KNOTS = knots;

for i = 2:length(knots)
if knots (i) < knots(i-1)
error ('the knots must not be decreasing')
end
end

if nargin > 3
if strcmp(varargin{l}, 'periodic')
x = [ones(1l,2)* (knots(end-2)-1) knots(end-2:end-1)-1 knots 1l+knots(2:3)
ones (1,2)* (l+knots(3))];
c = [c(:,end-2:end-1) c c(:,2:3)];
else
x = [zeros(1l,3) knots ones(1,3)];
c [c(:,1) c(:,:) c(:,end)];
end
else
x = [zeros(1l,3) knots ones(1,3)];
c = [c(:,1) c(:,:) c(:y,end)];
end

t = linspace(0,1+1/(n+1),n+1);

for i = l:length(x)-1
for 3 = 1:n

if t(3) >= x(1) && t(J) < x(i+1)
B(i,j,1,1)= 1;
else
B(i,j,1,1:4)= 0;
end
end
end
Bl = zeros(size(B)):;
B2 = zeros(size(B)):;
for k = 1:4
for r = 2:4
for i = 1l:length(x)-r
for j = 1:n

Bl(i,Jj,r, k) = (t(3)-x(1))/(x(i+r-1)-x(1))*B(i,J,r-1,k);
B2(i,j,r, k) = (x(i+r)-t(3))/ (x(i+r)-x(i+1))*B(i+1,3,r-1,k);

Bl(i,j,r, k) = (k-1)*B(i,j,r-1,k-1)/(x(i+r-1)-x(i)) +
Bl(i,J,r,k);

2
=
A
5
z
|

= —(k—l)*B(i+1,j,r—1,k—1)/(x(i+r)—x(i+1)) +
BZ(i,j,I,k);
end

if isnan(B1(i,J,r,k))
Bl(i,j,r,k) = 0;




end
if isnan(B2(i,J,r,k));
B2(i,j,r, k) = 0;
end
B(i,j,r, k) = B1(i,]J,r, k) + B2(i,3,r,k);

end
end
end
end

o

for k = 1:4
figure
for r = 1:4
subplot (2,2, r)
plot(t(l:end-1),B(l:end,:,r,k),'r', 'LineWidth', 2)
x1im ([0 1]),% axis equal

o° o0 o oe

o

% grid on
% title(['B_{i," num2str(r-1),'}"{ (' num2str(k-1),"') }'])
% end
% hold off
%end
for k = 1:4
for 3 = 1:n
p = zeros(size(c,1l),1);
for i = 1l:1length(c)
p=p+c(:,1)*B(i,3,4,k);
end
S(:Ijlk) = DPs
end
end

t = t(l:end-1);

$for 1 = l:size(c,1)

% figure

% plot(t,s(i,:,1)), hold on, plot (KNOTS,C(i,:),"'go")
% grid on

o\°

title('Spline function by using the base functions and control points')

o\°
]
ol
(o}




oe

Test no. 3

oe

o

Optimize the surface with the given length and width by using
the starting guess position to the control points

o\

clear all; clc;

d=1;

intial positions = [100;100;100; 50;50;50; -50;-50;50];

knots = linspace (0,1, floor (length(intial positions)/3)-146);

options = optimset ('Algorithm', "interior-point', 'TolX',1.00E-02);

[positions opt,E] =

fmincon (€@energy bending3, intial positions, [],[],[],[],[],[],@mycon,options,d, kno

ts);

if isreal(E) == 1
i = 0;

for s = 0:d/100:d
i= i+1;
[E(i),f,t,n,b, kappa, tau,ddE, time, Length, border,points _opt] =
energy bending3 (positions_opt,s, knots) ;

end

fprintf ('\n")

fprintf (['The length of the strip is : ', num2str (Length(end)), '\n'])

fprintf (['The width of the strip is : ', num2str(s), '\n'])

fprintf (['With the bending energy E = ', num2str (E(end)),' the optimized
control points are : ']), points opt

fprintf ('\n")

myplot (E, f,t,n,b, kappa, tau,ddE, time, Length,border, s)
end




function [E,f,t,n,b, kappa, tau,ddE, time,Length,border,points] =
energy bending3(x,d, knots)

points = zeros (3, (length(x)-3)/34+6);
points(:,[1 end ]) = [0 0;0 0;0 0];

points(:, [2 end-1]) = [x(1l) -x(1);0 0;0 0];
points (:, [3 end-2]) = [x(2) -x(2);x(3) -x(3);0 0];

X

~

X

if length(x) > 3
for i = 4:1length (x)
points (i-floor ((i-1)/3)*3,floor((i-1)/3)+3) = x(1i);
end
end

n = 200; [pp,time] = my cubic bspline(points, knots,n, 'periodic');

figure (1)
plot3 (points (1, :),points(2,:),points(3,:),"'go'), hold on

for i = l:size(points,2)-1
text (points(1l,1i),points(2,1),points(3,1),num2str (1))
end

plot3(£(1,:),£(2,:),£(3,:)), axis equal square,

xlabel ('x"'"), ylabel('y'), zlabel('z")

title('The surface with the blue centerline and the red rulings')
hold off

dlf = pp(:,:,2);
d2f pp(:,:,3);
d3f = pp(:,:,4);

1(1) = norm(dlf(:,1),2);
Length (1) = 0;

for 1 = 2:size(f,2)
1(i) = norm(dlf(:,1),2);
Length (i) = trapz(time(l:1i),1(1:1));

end

for i = l:size(f,2)
cl(1:3,1) cross(d2f(:,1i),d1f(:,1));
c2(1:3,1) = cross(dlf(:,1i),d3f(:,1));

(1:3,1i) = dlf(:,1i)/norm(dlf(:,1),2);
i -cl(:,1)/norm(-cl(:,1),2);

o
o
o
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Il

n(l:3,1i) = cross(b(:,1),t(:,1));
kappa (1) = (norm(cl(:,1),2)/norm(dlf(:,1),2)"3);

dkappa (i) = (dot(-c2(:,1i),cl(:,1)) .*norm(dlf(:,1),2)"2. -
3*norm(cl(:,1),2)"2
.*dot (d2f (:,1),d1f(:,1)))/ (norm(dlf(:,1),2)"5*norm(cl(:,1),2));




tau (i) dot (-c1(:,1),d3f(:,1))./norm(-cl(:,1),2)"2;
dtau (i) = -2*dot (-c1(:,1),d3f(:,1))*dot(c2(:,1),-cl(:,1))/norm(-
cl(:,1),2)"4;

phi(i) = 1 / (dtau(i) * kappa(i) - tau(i) * dkappa(i)):;

if isnan(phi(i))
phi(i) = Inf;
end

border (i) = 2 * abs(kappa(i) * phi(i)):;
if isnan (border (i))
border (i) = Inf;
end
v = linspace(-d/2,d/2,11);
for j = l:length(v)

ddE (§,1i) = kappa(i)"2 * ((tau(i)/kappa(i))"2 + 1)"2 /
(1+v (J) / (kappa (i) *phi (i)));

end
dE(i) = (tau(i)"2 +
kappa (1) *2) *2*phi (i) *1log ((2*kappa (i) *phi (i) +d) / (2*kappa (i) *phi (i) -d)) ;

if isnan(dE (i))
dE (i) = 0;




function [c,ceq] = mycon(x,s,knots)
The conditions to the optimization of the Mdbius strip

o oo

% Input:

% x = the initial positions to the control points
% s = the desired width of the strip

% knots = the initial knots to the initial positions.
% Output:

% c = nonlinear inequalities at x

% ceq = nonlinear equalities at x

o oo

Written by: Coilin P. Boylan Jeritslev, 28th June 2011...

% How long the desired length of the strip must be? 1952 2007
wishlength = 546.338;

[E,f,t,n,b, kappa, tau,dE, time, Length, border, points] =
energy bending3(x, s, knots);

c = [1;

ceq = [Length(end) - wishlength; ~isreal(E)];




function myplot(E, f,t,n,b, kappa, tau,ddE, time, Length,border, s)

k = size(ddE,1);
v linspace (0,s, floor (k/2));

figure

plot(linspace (0,s,length(E)),E,'.")

xlabel ('Width')

ylabel ('Energy")

title('The bending energy as a function of the width of the strip')

figure
plot (time,border,'.")
xlabel ('t")

ylabel ('2\kappa (t) "2\phi (t) ")
title('The maximum width of the strip as a function of the time')
grid on

wx = tau./kappa .* t(l,:) + b(l,:);
wy = tau./kappa .* t(2,:) + b(2,:);
wz = tau./kappa .* t(3,:) + b(3,:);

figure (1)

hold on

plot3 (f(1l,:)-s/2*wx,f (2
plot3 (f(1,:)+s/2*wx,f (2
plot3([1;1]1*f£(1,:)+[-1;
1;1]1*s/2*wz,'r")

grid on

,:1)-s/2*wy,£(3,:)-s/2*wz,"'qg")
, ) +s/2*%wy, £(3,:)+s/2*wz, 'g")
11*s/2*wx, [1;1]1*£(2,:)+[-1;11*s/2*wy, [1;1]1*£(3,:)+[~-

v = linspace(-s,s,k);

figure

hold on

surf (ones(k,1)*f(1,:)+v'*wx,ones (k,1)*f(2,:)+v'*wy,ones (k,1)*£(3,:)+v'*wz,1logl0(
ddE), 'LineStyle', "none')

xlabel ('x"), ylabel('y'"'), zlabel('z")

title('bending energy in 10-logarithm')

colorbar

grid on




